A k-disjoint path cover of a graph is a set of k internally vertex-disjoint paths which cover the vertex set with k paths and each of which runs between a source and a sink. Given that each source and sink v is associated with an integer-valued demand d(v) ≥ 1, we are concerned with general-demand k-disjoint path cover in which every source and sink v is contained in the d(v) paths. In this paper, we present a reduction of a general-demand disjoint path cover problem to an unpaired many-to-many disjoint path cover problem, and obtain some results on disjoint path covers of restricted HL-graphs and proper interval graphs with faulty vertices and/or edges. 607 that t i = s for all i [1]. Moreover, a graph G is k-connected if and only if G has k disjoint paths of type many-to-many joining any k distinct sources s 1 , s 2 , . . . , s k and k distinct sinks t 1 , t 2 , . . . , t k , where if a source s i coincides with a sink t j , s i (or t j ) itself is considered as a path. In other words, letting S = {s 1 , s 2 , . . . , s k } and T = {t 1 , t 2 , . . . , t k }, the condition says that S = T or G \ X has k disjoint paths of type many-to-many joining S \ X and T \ X, where X = S ∩ T and k = k − |X|.
Introduction
An interconnection network is often modelled as a graph, in which vertices and edges correspond to nodes and communication links, respectively. One of the central issues in interconnection networks is finding (vertex-)disjoint paths concerned with the routing among nodes and the embedding of linear arrays. Vertex-disjoint paths can be used as parallel paths for an efficient data routing among nodes. Disjoint paths can be categorized into three types: one-to-one type deals with the disjoint paths joining a single source and a single sink, one-to-many type considers the disjoint paths joining a single source and k distinct sinks and many-to-many type deals with the disjoint paths joining k distinct sources and k distinct sinks. A path means a simple path in this paper.
The connectivity of an interconnection network corresponds to its reliability (or fault-tolerance) which is subject to node failures. According to Menger's theorem, a graph G is k-connected if and only if every pair of source s and sink t are joined by k internally disjoint paths of type one-to-one. The so-called Fan Lemma states that a graph G is k-connected if and only if G has k internally disjoint paths of type one-to-many joining every source s and k distinct sinks t 1 , t 2 , . . . , t k such A graph G is called f -fault unpaired (many-to-many) k-disjoint path coverable if f + 2k ≤ |V (G)| and for any set F of faulty elements with |F| ≤ f , G has an unpaired k-DPC for any set S of k sources and any set T of k sinks in G \ F such that S ∩ T = ∅. The sources and sinks are called terminals in general. A vertex v is called free if v is fault-free and not a terminal. An edge (v, w) is called free if v and w are free and (v, w) ∈ F. A path in a graph is represented as a sequence of vertices. A v-w path refers to a path from vertex v to w, and a v-path refers to a path whose starting vertex is v.
Suppose a graph G has a general-demand k-DPC between S and T . Let P be a disjoint path cover in G \ F joining S and T . For any terminal, say source s i , there are d(s i ) paths in P joining s i and some sinks. Suppose d(s i ) ≥ 2. Among the paths, let (s i , w, . . . , t j ) be an arbitrary s i -path. Since the vertex w is neither a faulty vertex nor a source, w must either be a free vertex or a sink. Moreover, (s i , w) must be fault-free, and whenever w is a sink, w must be equal to t j and the path must be (s i , t j ).
Let D(G) denote s i ∈S {d(s i ) − 1} + t j ∈T {d(t j ) − 1}, that is, the sum of surplus demands over all terminals. Based on the above observation, we may construct a general-demand DPC in a graph G from a general-demand DPC in the graph with smaller sum of surplus demands as follows. Let w be 'some' vertex adjacent to s i via a fault-free edge such that w is a free vertex or a sink.
(1) If w is a free vertex, we regard it as a virtual source with unit demand and reduce the demand of s i by one. And then, find a general-demand k-DPC, if any, and replace the w-path with (s i , w-path). For example, a 3-DPC of the graph in Figure 1 (a) can be obtained from the 3-DPC of Figure 1 
The symbol × on a vertex or on an edge in the figures indicates that the corresponding element is faulty. The demand of a terminal is in parenthesis. (2) If w is a sink with unit demand, we regard it as a virtual fault and reduce d(s i ) by one. And then, find a general-demand (k − 1)-DPC, if any, and add a path (s i , w) to the (k − 1)-DPC. For example, a 3-DPC of Figure 1 
It is obvious that at least one of the above three are always applicable provided G has a generaldemand k-DPC and w is chosen carefully. The difficulty here is how to pick up such a 'proper' vertex w. It might always not be sufficient to pick up w in an arbitrary manner.
On the other hand, we are concerned with the problem of determining whether a graph G is f -fault general-demand k-disjoint path coverable for any f and k ≥ 1 with f + k ≤ B for some bound B. For the graph G to have a positive answer, it is necessary that for any f and k ≥ 1 with f + k ≤ B, G has an f -fault unit-demand k-DPC, or equivalently, G is f -fault unpaired many-tomany k-disjoint path coverable. A necessary condition for a graph to have an f -fault unpaired k-DPC was given in [15] as follows.
is the minimum degree in G and κ(G) is the connectivity of G. Furthermore, if G has f + 2k + 1 or more vertices, then δ(G) ≥ f + k + 1.
Let us revisit the above transformation of a general-demand DPC problem into a generaldemand DPC problem with smaller sum of surplus demands. For the first case of w being a free vertex, the number f of faults and the total demand k of sources remain unchanged. For the second and third cases of w being a sink, the number of faults (including virtual faults) is increased from f to f + 1 and the total demand of sources are decreased from k to k − 1. In all cases, the number of faults plus the total demand of sources remains unchanged.
Let G be f -fault unpaired k-disjoint path coverable for any f and k ≥ 1 with f + k ≤ B for some B. It holds B ≤ δ(G) by Lemma 2.1. To reach a conclusion that G is also f -fault generaldemand k-disjoint path coverable for any f and k ≥ 1 with f + k ≤ B, we will show that an 
set T of k sinks in G \ F such that s ∈ T . We begin with a necessary condition for a graph to be f -fault one-to-many k-disjoint path coverable.
We will show that for some source s, set T of k sinks, and fault set F with |F| ≤ f , even disjoint paths of type one-to-many joining s and T do not exist (irrespective of covering G \ F). We claim G is not a complete graph; suppose otherwise, then |V (G)| ≥ f + k + 1 by definition and thus κ(G) ≥ f + k, which is a contradiction. Thus, there exists a vertex cut C of size f + k − 1 or less. Let X and Y be the vertex sets of two distinct connected components of G \ C. In case when s ∈ X, C F ∪ T , and T ∩ Y = ∅, there exists no path joining s and a sink
. This implies that G \ F does not have disjoint paths between s and T of type one-to-many. Thus, we have κ(
and G is not a complete graph. Thus, G has a vertex cut C of size f + k and G \ C has at least two connected components. Let s be contained in one component, and let x be an arbitrary vertex contained in the other component. In case when C = F ∪ T , no fault-free path joining s and a sink can pass through x. Hence, the proof is completed.
, the sum of surplus demands over all sinks. Similar to the reduction addressed in Section 2, we assume that G is an f -fault one-to-many k-disjoint path coverable graph, and show that the f -fault single-source k-DPC problem in G reduces to the f -fault single-source k-DPC problem with smaller sum of surplus demands over all sinks, and eventually reduces to the f -fault one-to-many k-DPC problem. For our purpose, it is sufficient to pick up an arbitrary free vertex w adjacent via a fault-free edge to a sink t j with demand two or greater and regard it as a virtual sink with unit demand.
Algorithm for the single-source DPC problem /* It is assumed that G is f -fault one-to-many k-disjoint path coverable. */ (1) If D (G) = 0, find a one-to-many k-DPC[s, T |G, F] and return the set P of disjoint paths.
(2) Otherwise, let t j be any sink with demand two or greater. Pick up an arbitrary free vertex w adjacent to t j via a fault-free edge.
Lemma 3.2 Let G be an f -fault one-to-many k-disjoint path coverable graph. Then, the f -fault single-source k-DPC problem reduces to the f -fault one-to-many k-DPC problem.
Proof We claim that there exists a free vertex w adjacent to a sink t j with
The number of terminals adjacent to t j is at most k − 1 (one source and k − 2 sinks), and the number of vertices v adjacent to t j which satisfies conditions (ii) or (iii) is at most f . Thus, the total number of vertices adjacent to t j satisfying (i), (ii), or (iii) is at most f + k − 1, which implies δ(t j ) ≤ f + k − 1. This contradicts the necessary condition of f + k ≤ δ(G) given in Theorem 3.1. Thus, the claim is proved. It is straightforward to see by induction on the sum of surplus demands D (G) over all sinks that the f -fault singlesource k-DPC problem eventually reduces to the f -fault one-to-many k-DPC problem. The proof is completed.
Disjoint path covers in restricted HL-graphs
For given two graphs G 0 and G 1 having the same number of vertices, we denote by G 0 ⊕ G 1 an arbitrary graph whose vertex set is G(8, 4) is a recursive circulant whose vertex set is
The restricted HL-graphs is a subclass of nonbipartite HL-graphs, which is defined recursively as follows [13] : General-demand disjoint path coverability of restricted HL-graphs is a direct consequence of Theorem 2.4 and the following theorem on unpaired disjoint path coverability. Now, we consider the problem of constructing single-source disjoint path covers in restricted HL-graphs. Due to Theorem 3.3, it suffices to construct one-to-many disjoint path covers. We begin by pointing out the fact that a graph is f -fault one-to-many 2-disjoint path coverable if and only if it is f -fault one-to-many 1-disjoint path coverable. Utilizing fault-hamiltonicity of m-dimensional restricted HL-graphs given in Lemma 4.1, an f -fault one-to-many k-DPC for k = 1, 2 can be constructed when f ≤ m − 3. It was shown in [11] that an f -fault one-to-many k-DPC in G 0 ⊕ G 1 can be constructed by using f -fault one-to-many (k − 1)-DPC and faulthamiltonicity of G i , i = 0, 1, as follows.
Lemma 4.4 [11] For f ≥ 0 and k ≥ 3, let G i be a graph with n vertices satisfying the following three conditions, i = 0, 1: 
Disjoint path covers in proper interval graphs
An interval graph is the intersection graph of a family of intervals on the real line, where two vertices are connected with an edge if and only if their corresponding intervals intersect. It is a proper interval graph if no interval in the family properly contains another. Due to Roberts [16] , proper interval graphs are also referred to in the literature as unit interval graphs, the intersection graphs of unit-length intervals on the real line.
An ordering (v 1 , v 2 , . . . , v n ) of the vertices of a graph G is a consecutive ordering if for any vertex v i , its closed neighbor N[v i ] is consecutive, i.e., N[v i ] = {v j : l i ≤ j ≤ r i } for some l i and r i , where N[v i ] is the set of vertices adjacent to v i plus v i itself. A graph G is said to be k-connected if κ(G) ≥ k.
Lemma 5.1 [5] (a) A graph G is a proper interval graph if and only if G has a consecutive ordering. (b) For any positive integer k and any proper interval graph G of n ≥ k + 1 vertices with a consecutive ordering
We are to characterize unpaired k-disjoint path coverable proper interval graphs. Recall the necessary condition of Lemma 2.1 saying that when there are no faults, a graph G should be k-connected and if |V (G)| ≥ 2k + 1, then δ(G) ≥ k + 1. (v 1 , v 2 , . . . , v n ). If n ≥ 2k and G is k-connected, then for any set S of k sources and set T of k sinks such that S ∩ T = ∅ and v 1 , v n ∈ S ∪ T , there exists an unpaired k-DPC joining S and T . Proof The proof is by induction on n. In the base case of n = 2k, every vertex is a terminal. The consecutive ordering can be seen as a shuffle of source sequence (s 1 , s 2 , . . . , s k ) and sink sequence (t 1 , t 2 , . . . , t k ) . That is, we can assume wlog that p < q if s i = v p and s i+1 = v q for 1 ≤ i < k and that p < q if t i = v p and t i+1 = v q for 1 ≤ i < k. Then, (s i , t i ) ∈ E(G) for every i since, assuming wlog s i = v p and t i = v q with p < q, the set of vertices {v j : p < j < q} to the right of v p and to the left of v q should be a subset of {s j : j > i} ∪ {t j : j < i} of cardinality k − 1. Therefore, we have an unpaired k-
Lemma 5.2 Let G be a proper interval graph with a consecutive ordering
Now, let n ≥ 2k + 1. We claim that there exists a non-terminal v j such that (v 1 , v j ) or (v j , v n ) ∈ E(G). Suppose, for a contradiction, that such nonterminal v j does not exist. Then, there are k contiguous terminals v 2 , v 3 , . . . , v k+1 adjacent to v 1 and there are k contiguous terminals v n−k , v n−k+1 , . . . , v n−1 adjacent to v n . Furthermore, k + 1 < n − k due to the existence of a nonterminal. This implies that there are at least 2k + 2 terminals (including v 1 and v n ), which is a contradiction. Assume wlog that v j is a nonterminal adjacent to v 1 and v 1 is a source. Regarding v j as a virtual source, we find an unpaired k-DPC P in the subgraph induced by V (G) \ v 1 . Then, an unpaired k-DPC of G can be obtained from P by replacing the v j -path with (v 1 , v j -path). The proof is completed.
Lemma 5.3 Let G be a proper interval graph with a consecutive ordering (v 1 , v 2 , . . . , v n ). Then, G has a v 1 -v 2 hamiltonian path if either n = 2 and G is connected or n ≥ 3 and G is 2-connected.
Proof We proceed by induction on n. For the base case of n = 2, G has an obvious v 1 -v 2 hamiltonian path. Let n ≥ 3 and G be 2-connected. The subgraph induced by V (G) \ v 1 satisfies the condition of this lemma, and thus there exists v 2 -v 3 hamiltonian path P h in the subgraph.
, v 3 -v 2 hamiltonian path of the subgraph. 
Proof Sufficiency: Let v l and v r , respectively, be the leftmost and rightmost terminals so that S ∪ T ⊆ X where X := {v j : l ≤ j ≤ r}. Since the subgraph of G induced by X is k-connected, there exists a minimally k-connected subgraph G whose vertex set is X and whose edge set is {(v i , v j ) : 1 ≤ |i − j| ≤ k}. By Lemma 5.2, there exists an unpaired k-DPC P of G joining S and T . Now, we will extend v l -path in P to pass through all the vertices in L := {v j : j < l}. Assume L = ∅; otherwise we are done. Let the v l -path be (v l , v p , P ) for some subpath P , where p ≤ l + k. Then (v l−1 , v p ) is also an edge of G by the condition of this theorem. (Note that p ≤ (l − 1) + k or p = (l − 1) + k + 1 and 
We show there exists S and T such that G has no unpaired k-DPC joining S and T . Let S : The class of proper interval graphs is hereditary, i.e., every induced subgraph of a graph in the class is contained in the same class. Or equivalently, for a vertex fault set F v in a proper interval graph G, G \ F v is also a proper interval graph. From Theorem 5.4, we can derive a necessary and sufficient condition for a proper interval graph to be f -vertex-fault unpaired k-disjoint path coverable as follows. 
Proof Sufficiency: Let F v be an arbitrary vertex fault set of G with |F v | ≤ f . Then, G \ F v is a proper interval graph and is (f + k − |F v |)-connected. Let (w 1 , w 2 , . . . , w n ) be the subsequence of the consecutive ordering of G which contains all fault-free vertices, where n = n − |F v |. Then, the subsequence forms a consecutive ordering of G \ F v . To conclude G \ F v is unpaired k-disjoint path coverable, we will show that G \ F v with its consecutive ordering satisfies the condition of Theorem 5.4. Assume
-connected and if f = 0, then the two conditions of Theorems 5.4 and 5.5 are the same. Then, we have n = n − f and G \ F v is k-connected. If n = 2k, then we are done. For n ≥ 2k + 1, it suffices to show that
Let v p = w i and v q = w i+k+1 . Then, we have q ≤ p + f + k + 1 since there are at most f faulty vertices between v p and v q exclusively.
For the remaining case of q = p + f + k + 1, we have p = i. The condition of this theorem says that
Necessity: The condition that G is (f + k)-connected is necessary from Lemma 2.1. Suppose
. . , w n ) be the subsequence of the consecutive ordering of G that contains all vertices not in F v . Then, w j = v j for 1 ≤ j ≤ i and w j = v j+f for i + 1 ≤ j ≤ n − f = n . In this case, we have For an edge fault set F e of a proper interval graph G, G \ F e is not necessarily a proper interval graph. So, to deal with edge fault, it needs to take a different approach from Theorem 5.5. The f -edge-fault unpaired k-disjoint path coverability of a proper interval graph is open.
Concluding remarks
In this paper, we presented a framework that enables the generalization of three DPC problems: one-to-one, one-to-many, and unpaired many-to-many. The general-demand DPC problem reduces to the unpaired many-to-many DPC problem, and the single-source DPC problem reduces to the one-to-many DPC problem. As a result, an f -fault unpaired k-disjoint path coverable graph for any f and k ≥ 1 with f + k ≤ B is also f -fault general-demand k-disjoint path coverable for any f and k ≥ 1 with f + k ≤ B. Furthermore, an f -fault one-to-many k-disjoint path coverable graph is f -fault single-source k-disjoint path coverable. We obtained some results on f -fault general-demand/single-source k-disjoint path coverability of restricted HL-graphs and f -vertex-fault general-demand k-disjoint path coverability of proper interval graphs.
